In annular combustion systems, azimuthal thermoacoustic modes manifest themselves predominantly as travelling or standing waves. Several phenomena can influence the modal behaviour of annular thermoacoustics. To monitor the stability of azimuthal thermoacoustics in industrial installations, a better understanding of the dynamics is required to correctly interpret online measurements. In this work, thermoacoustic eigensolutions of annular combustion systems are investigated, using a low-order analytic model. Heat release fluctuations are considered as a weak source term for a given acoustic eigenmode. The fluctuating heat release is modelled as a linear feedback to the local acoustics, in which the feedback response is a function of the azimuthal coordinate, causing cylindrical symmetry breaking. A bifurcation map is generated as a function of azimuthal mean flow velocity around the annulus. It is shown that a pitchfork bifurcation exists, separating standing wave and travelling wave solutions. Due to the interaction with non-uniform thermoacoustic feedback, an azimuthal flow with a low Mach number can significantly influence the system stability. Close to the bifurcation point, the non-normal nature of the dynamic system can induce a considerable gain of acoustic energy and yield more predictable time traces. These findings address the influence of non-normality, when applying a linear damping rate, acoustic amplitude or entropy-based quantity with the intent to monitor combustion dynamics in an annular combustion system.
Introduction
The risk of encountering a thermoacoustic instability in combustion systems increases under lean combustion conditions and a progressively variable power demand, as more renewable resources supply to the grid. A thorough understanding of the thermoacoustic feedback loop and the resulting measured dynamic signals is required for efficient control or monitoring strategies. In particular, the complex dynamics in annular gas turbines has not yet been fully understood. Complex conjugate wave pairs exist in the annulus as a result of the rotational symmetry, allowing for standing waves, travelling waves and combinations thereof. Fundamentally, the two azimuthal waves corresponding to an azimuthal mode number have repeated eigenvalues and form an eigenspace in linear stability analysis. Breaking of the cylindrical symmetry, either geometric or in the flame response, will typically lead to split eigenvalues. An example is a structural element in the annulus, causing reflections of azimuthal waves, leading to standing wave behaviour. Another example is single damaged burner with deviant feedback characteristics, which causes the standing wave in its orientation to have a different decay rate than the wave in orthogonal orientation. Considering the acoustics from the fixed coordinate system, an azimuthal flow also splits the eigenvalues, as the convection of the acoustic field causes a Doppler shift in the frequency. Similar physics involving degenerate eigenvalue pairs are found in structural dynamics, such as eigenmodes in bladed disc assemblies. A study of Ewins shows the splitting of eigenmodes due to cylindrical symmetry breaking as a result of the mistuning of rotor blades. 1 In this work, the interaction between azimuthal flow and cylindrical symmetry breaking is analysed analytically. The latter promotes standing wave behaviour as depicted before in the provided examples, whereas the former counteracts the formation of standing wave solutions by rotating the acoustic field with respect to the gas turbine. Upon commissioning of a gas turbine cylindrical symmetry cannot be guaranteed, because manufacturing margins and installation will for example cause some deviations in acoustic impedance from burner to burner. Wear, fouling and replacement of parts will add to the symmetry breaking. Regarding the azimuthal flow, no restriction is present in this direction. Azimuthal flow has been demonstrated both experimentally and numerically and is generally attributed to a co-swirling burner configuration. Wolf et al. 2 for example reports a bulk velocity exceeding an azimuthal Mach number of 1%, based on an extensive LES-simulation. Referring to the monitoring of combustion dynamics, it is of interest how the wave structures, amplitudes, decay rates and frequencies behave, when symmetry breaking and azimuthal flow are present simultaneously. The solution regimes (regarding standing and travelling wave structures) resulting from these effects have been recognized in Bauerheim et al.; 3 however, the interaction has not been investigated in detail. In the work of Noiray et al., 4 the effect of nonlinear and non-uniform heat release response strength is investigated. The Fourier component C 2n of the non-uniformity was found to be responsible for the eigenvalue splitting. The effect of an azimuthal bulk flow was not considered.
The objective of the work is to investigate the transitional region between predominantly standing and travelling waves, in the parameter space spanned by symmetry breaking and azimuthal flow velocity. This is achieved by considering linear coupling between those phenomena in a low order description of the physical problem. The transition regime is characterized by a bifurcation, as a function of the relative strength of the two phenomena. The effect of nonnormality of the linear system close to the bifurcation point is highlighted, as it turns out to have a significant influence on the statistical properties of the thermoacoustic amplitude under stochastic forcing. A small supplementary investigation is carried out to better understand the frequency split between clockwise (CW) and anticlockwise (ACW) acoustic waves. This phenomenon is often attributed to a mean flow around the annulus, that establishes when co-rotating swirl burners are used, but the details of this process are still unresolved.
The article consists of five sections, starting with this introduction. The next section treats the azimuthal flow and symmetry breaking in more detail, including the introduction of an effective source of azimuthal flow. The third section describes the modelling approach for the thermoacoustics, before the results are presented in 'Results: Feedback based on axial velocity' section. The final section concludes the work to be followed by references and three appendices with detailed derivations of used equations and the nomenclature.
Azimuthal flow and cylindrical symmetry breaking
In this section, the way the two phenomena, azimuthal flow and cylindrical symmetry breaking, can arise in annular combustion systems is explored. It is expected that effects causing symmetry breaking, including a non-uniform geometry and heat release response, cause split eigenvalues with standing wave eigenvectors. Azimuthal flow results in split eigenfrequencies for travelling wave eigenvectors, where it should be noted that the acoustic field is still degenerate in a coordinate system rotating with the mean flow.
A supplementary numerical investigation is carried out to understand the influence of a two-dimensional transverse velocity field. It demonstrates that a split in frequency of CW and ACW waves is not only related to a mean azimuthal velocity, but also to the gradient of azimuthal velocity with respect to the radial coordinate.
Azimuthal flow
In most annular combustion systems, flow around the annulus is not restricted in either the combustion chamber, or the plenum. In the axial direction, there is a constant flow of fresh and burnt gases that can reach high velocities at certain positions. It is to be expected that (depending on the operating conditions) some net momentum transfer in azimuthal direction occurs, for example, at the compressor exit in the plenum of the combustion chamber of a gas turbine or at the swirl burner in the combustion chamber. Experimental evidence of different acoustic propagation velocities in the opposing azimuthal directions can be found in Worth and Dawson 5 for varying burner separation distances. This has been wrongly attributed to a mean azimuthal flow alone, 2,5 as more than one phenomenon can be responsible for this split in frequencies.
The frequency splitting occurs when co-rotating swirl burners are used, however, co-rotating swirlers are expected to cause a velocity gradient, rather than a mean velocity. Therefore, it is investigated in this work whether a velocity gradient can also cause a split in the effective propagation speed between CW and ACW travelling waves. It is posed that a gradient of azimuthal velocity with respect to the radial coordinate, which refracts the acoustic waves as shown in Figure 1 . A shear flow in an annulus refracts waves in one azimuthal direction towards the centre of the annulus. The wave in the other direction is constantly refracted towards the outer wall. A radially distributed azimuthal velocity field can be expected in annular combustion systems when co-rotating swirlers are used, refer to Bourgouin et al. 6 for a cold flow velocity field downstream of a swirl burner. Acoustic refraction can also be expected as a result of temperature gradients; however, this would affect the two waves in opposite direction identically, causing no split between the frequencies.
To demonstrate eigenvalue splitting as a result of a gradient of azimuthal velocity in the radial direction (refer to Figure 2 ), a 2D annular geometry with a ratio between the outer and inner radius of r o =r i ¼ 1:5 is considered. Over the width of the annulus azimuthal velocity profiles are prescribed, without bulk flow contribution, as it would just add a known frequency split. A linear and harmonic profile with a peak to peak azimuthal Mach number of M p2p ¼ 0:1 is used. Additionally, a linear profile with a peak to peak of M p2p ¼ 0:4 has been tested. The velocity in the latter case is too high to be expected in practice, but this case is used for analytical validation as the refraction radius is equal to the radius of the annulus. Acoustic solutions are obtained by solving the linear Euler equations numerically. COMSOL FEM software was used to obtain a solution in time domain, in which streamline diffusion was applied for stabilization. A quarter of the mesh is shown in Figure 2 , together with the three prescribed velocity profiles. It must be noted that the velocity profiles include a small offset, in order to force the mean flow (integrated over the radial coordinate) to be zero.
The influence of the velocity profiles on the eigenfrequencies of azimuthal orders m ¼ 1 and m ¼ 2 are given in Table 1 . The eigenfrequencies ! cw and ! acw correspond to a CW and an ACW travelling wave, respectively. It is concluded that waves that are refracted towards the centre of the annulus (which are CW waves for the used profiles in Figure 2 ), experience a decreased frequency. This can be explained by a loss of the radial wave number. When the refraction radius is equal to the radius of the annulus, plane wave propagation is obtained (in polar coordinates), with the lowest possible frequency, as the radial wave number is zero. The waves refracted away from the centre have an increased frequency. The lower frequency of the 0.20 linear velocity profile corresponds to the plane wave propagation in the polar coordinate frame, which is used for validation of the results. The theoretical frequency for this plane wave, normalized by the analytical solution without flow (quiescent solution, available in terms of Bessel functions), yields ! cw =! a À 1 ¼ À19:7 Á 10 À3 . Table 1 shows that the theoretically and numerically found results deviate with 1% and 6%, for mode order 1 and 2, respectively. As this investigation is merely meant to demonstrate the existence and the order of magnitude of this phenomenon, such deviations are considered acceptable. For m ¼ 1 and a peak to peak azimuthal Mach number of M p2p ¼ 0:1, a difference in frequency of almost 0:02! 1 is observed, which can be translated to an 'effective azimuthal Mach number' of M % 0:01. This investigation shows that a velocity gradient in the azimuthal flow can cause a significant split in wave propagation speed between the two directions. Despite this result, all possible effects that cause an apparent azimuthal bulk flow are represented by the angular bulk flow velocity v in the remaining sections of this work, i.e. bulk flow is used as a paradigm for a split in the acoustic propagation velocity of opposing waves.
Cylindrical symmetry breaking
For fixed wavenumbers in the spatial directions, including a nonzero azimuthal mode order m, the acoustic field in an annulus is described by two complex amplitudes. A one-dimensional representation of azimuthal acoustics can be described by characteristic wavesF andĜ for the ACW and CW acoustic propagation, respectively.
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When the pure travelling wavesF andĜ have identical amplitudes, they form a standing wave around the circumference. In case of cylindrical symmetry (where geometry and parameters are invariant under angular rotation), the system manifests a pair of degenerate eigenvalues. Through non-uniformities in azimuthal direction the eigenvalues can split, i.e. lose the degeneracy. When the acoustic waves partially reflect at a certain angular location, the opposing waves couple and tend to form standing wave solutions. One could think of a slight constriction in azimuthal direction, caused by a structural element. The eigenvalues will be different for the standing waves with the structural element in the pressure node and the orthogonal wave with the element in the pressure antinode. A constriction mainly splits the eigenfrequencies, 7 but can also split the decay rate. Similarly, acoustic sources (or sinks) varying with the azimuth can cause eigenvalue splitting. In particular, heat release fluctuations in response to acoustic perturbations form such an acoustic source. Examples of eigenvalue splitting through a non-uniform heat release response include retrofitting of burner parts at some location(s), designed to reduce the heat release response strength. When instability still occurs, it is most likely to develop perpendicular to the retrofitted burner(s). The alternating use of two burner types could be applied in an annular combustor (see the patent of Joos and Polifke 8 ), in such a way that a smoother overall flame response that is less prone to instabilities, is obtained. In such case, the chosen burner pattern influences the splitting strength and therefore the stability of the system, as pointed out by Berenbrink and Hoffman. 9 Unintended azimuthal non-uniformities are likely to be present in industrial applications, for example, clogged fuel injection holes, deviations in acoustic impedance of the fuel injections and acoustic reflections from supporting structures. In this work, it is implied that the eigenvalue splitting is caused by a non-uniform flame response, but it might as well be of acoustic nature.
Modelling approach
The acoustics is described by a three-dimensional solution, satisfying the Helmholtz equation in an annulus, with two azimuthal wave amplitudes as free variables. The acoustic solution is convected passively with an azimuthal bulk flow. Axial flow is not considered, as it does not seem to influence the dynamic solution. 10 As in the work of Noiray et al., 4 heat release fluctuations are continuously modelled over the azimuth of the annulus, rather than considering discrete burner locations. Local acoustic fluctuations result in heat release fluctuations at the corresponding angular location, through a linear flame response description. The heat release acts as a source to the acoustic pressure fluctuations, described on a Fourier basis over the azimuth.
A linear heat release response to acoustics perturbations is used, since the dynamic behaviour in the stable regime is sought, i.e. before exponential growth and saturation to a limit cycle occurs. It is assumed here that the magnitude of combustion noise does not cause a significant nonlinear response. Although saturation and limit cycle behaviour fall outside the scope of this work, initial growth rate and transient growth effects can still be studied in the unstable regime. Also, it is assumed that instantaneous growth rates and the angular bulk velocity are small compared to the considered eigenfrequency under all circumstances, such that time scales of amplitude modulations can be separated from the time scale of an acoustic cycle. This allows to average the equations over the acoustic cycles, resulting in compact analytic expressions. In this section, it will be shown that the resulting system of equations is a state space model with two complex degrees of freedom per degenerate acoustic eigensolution. The dynamic behaviour of this system is well suited for analytical evaluation.
Acoustic field
Thermoacoustics can be described by a sum of independent eigenmodes, based on solutions of the acoustic field. Assuming that one modal solution of the 3D acoustic pressure fieldp with frequency ! a is separable in the following way,
The spatial function ðx, rÞ is assumed to be known, fulfilling the wave equation for given longitudinal and radial boundary conditions in the annular combustion chamber. An example pressure field described by equation (2) is shown in Figure 3 for a generic annular geometry. Azimuthal dependency ðÞ is not fully determined, as the periodic boundary condition merely enforces a continuous solution around the circumference.
In equation (3), the vector z ¼ ½FĜ T contains the two Riemann invariants as free acoustic parameters, while b ¼ ½e Àim e im T contains their respective azimuthal basis functions. These basis functions satisfy the periodic boundary condition for a domain with uniform acoustic properties in the azimuthal direction for a positive definite azimuthal mode number m. The azimuthal coordinate is defined relative to the angular rotation v t, since the acoustics are passively convected by the flow field. In the fixed coordinate system of the combustor, the acoustics is obtained by substitution of ¼ À v t. Equation (2) is the fundamental solution of a 3D acoustic field in a cylindrically symmetric geometry with azimuthal bulk flow. Choosing the amplitudesF andĜ, standing, travelling and mixed solutions can be constructed. The two amplitudes and complex angles give four free variables, explaining the variety of possible wave structures.
The slow evolution of the acoustic amplitudesF and G, as a result of global acoustic damping and thermoacoustic feedback, is governed by equations (4).
The damping ratio is assumed to be small ( ( 1), such that the time scale of natural decay is long compared to the eigenfrequency. For brevity, the global damping is ignored in this work, because it only superimposes on the eigenvalues of the thermoacoustic system. Heat release fluctuations _ Q are excited by the acoustics and form a source term in the acoustic equations, which is discussed in the following subsection. The proportionality constant is related to the volume of the acoustic domain and the ratio of specific heats.
Thermoacoustic feedback
Weak thermoacoustic feedback is added to the acoustic mode to find the combined dynamics. The thermoacoustic feedback is considered as small linear perturbations to the acoustic field, which justifies the performed separation in equation (2) of the acoustic time scale and the time scale with which the azimuthal acoustic field (ðÞ) changes. Dynamics dominated by the time scale of the combustion, such as intrinsic thermoacoustic instability, 11 are not considered. The Rayleigh criterion states that acoustic energy is generated when heat release fluctuations _ Q are in phase with the pressure fluctuations. The growth of the acoustic mode in consideration is obtained by integrating over the volume in which the heat is released. Using ? to denote the complex conjugate, the following equation can be derived (see Appendix 1).
This equation describes the time derivative of the two acoustic amplitudes in z, resulting from the fluctuating heat release and an angular velocity. Prevailing methods for the modelling of heat release fluctuations assume a linear response to the acoustics at the burners, for low perturbation amplitudes. Examples are the flame transfer function and the sensitive time lag model. 12 Considering the response at the acoustic eigenfrequency ! a only, these methods are in essence Figure 3 . Example of an acoustic field of first azimuthal mode order, which could be described by equation (2) .
identical. A general linear heat release response to the two acoustic waves can be written as
in which the complex-valued coefficientsĈ F andĈ G represent the amplitude and phase of the heat release response to the respective waves in z. These response coefficients are a function of the azimuth in case of nonuniform heat release, causing cylindrical symmetry breaking. Apart from the heat release, the coefficients can also include acoustic effects, such as attenuation and reflections. Combining the linear heat release response in equation (6) with the acoustic modal growth equation (5) yields a thermoacoustic system of ordinary differential equations.
From the integration of the system matrix over the azimuthal coordinate, it can be directly deduced that the diagonal only depends on the average ofĈ F and C G . On the other hand, the antidiagonal is only sensitive to coefficient 2 m of the azimuthal Fourier decomposition ofĈ F andĈ G . This can be verified by recognizing that an integral of the form H expðikÞd is zero for any nonzero integer k, because of the orthogonality of harmonic functions with different amounts of integer periods. Describing the coupling coefficientsĈ as Fourier series over the azimuth allows the integration to be performed directly, by inserting the Fourier component that eliminates the harmonic dependency with respect to the azimuthal coordinate.
The coefficientĉ 0 corresponds to the mean thermoacoustic feedback strength that influences the overall thermoacoustic stability. Equal to the C 2n coefficient in the work of Noiray et al., 4ĉ 2m causes the eigenvalue pair of azimuthal mode order m to split. In this work, the coefficient is merely scaled differently, and it is complex, to cover heat release non-uniformities in both strength and phase. Physically, this means that standing wave eigenvalue splitting of a mode with azimuthal order m is only expected when the broken cylindrical symmetry has a non-zero Fourier component 2 m around the circumference.
The azimuthal description of the thermoacoustic dynamics reduces to a complex second-order system of ODE's per azimuthal mode order. In Bauerheim et al., 3 this solution structure was also found, modelling the heat release with an n À model.
The coupling coefficientsĉ k can be a function of the frequency to be solved for, for example in the case of an n À model, where the phase linearly decreases with frequency.
The system matrix M describes the coupling between the two (complex) acoustic degrees of freedom, including thermoacoustic interaction. Under additional flame response assumptions, the coupling coefficients can be specified in more detail, as demonstrated in Rouwenhorst et al. 13 for an n À flame model.
Solution strategy
The eigenvalues 1,2 of M prescribe the temporal evolution of the amplitude of the eigensolutions with multiplier expð 1,2 tÞ. The real part of the eigenvalues describes the growth rate, of which the sign determines the stability of the mode. The imaginary part causes a frequency deviation with respect to the acoustic eigenfrequency ! a . In order to come to an analytic eigensolution of the system in equation (10) , the system matrix must be independent of the frequency. When this is not the case, the characteristic equation of Mð!Þ is a transcendent equation for the eigenvalues (or complex frequency) that must be solved numerically. For small frequency dependency, however, using constant coupling values belonging to the frequency ! a will yield accurate solutions.
The imaginary part of an eigenvalue of the system matrix M represents the frequency deviation Á! from the acoustic eigenfrequency ! a . When the coefficientŝ Cð!Þ are smooth and hardly change on the interval ½! a À Á! 5 ! 5 ! a þ Á!, the frequency dependency can be neglected.
As Á! is of the order of jĈj, it can be stated that the derivative of the coupling parameters with respect to the frequency should be much smaller than one. Hence, the condition dĈ=d! ( 1 should be fulfilled at the acoustic eigenfrequency in order to study the analytical solutions.
Results: Feedback based on axial velocity
In this section, further simplifications and assumptions are made in order to come to compact analytical expressions that enable to present the interaction between symmetry breaking and azimuthal bulk flow. Heat release fluctuations, due to vortical structures and equivalence ratio modulations, are usually attributed to the axial particle velocity (see Paschereit et al., 14 for example). When axial particle velocity is held responsible for the fluctuating heat release, the thermoacoustic system is a function of the pressure fluctuations and independent of the azimuthal particle velocity. Assuming also that the coupling constants are (locally) independent of the frequency (dĈ=d! ¼ 0), the coupling parameters are identical (Ĉ F ¼Ĉ G ¼Ĉ). These assumptions are made only to obtain a compact analytic eigensolution.
This system of differential equations, a function of mv and the Fourier components ofĈðÞ, is used as the starting point of the analytic parameter study performed in this work. The eigensolution found is:
In equation (13), it is visible how azimuthally varying heat release characteristics and azimuthal velocity split the eigenvalues 1,2 of the thermoacoustic system. The ratios ofF andĜ corresponding to the eigenvectors, named 1,2 , are also readily obtained.
The influence of the model parameters on the acoustic eigensolution and their interaction will now be explained in detail. From the eigensolution, it can be seen that the interacting parameter groups are mv , i.e. azimuthal velocity with respect to the azimuthal wave length, and the cylindrical symmetry breaking strength S. As the azimuthal velocity with respect to the wave length, mv is a good parameter for azimuthal velocity, equations (13) and (14) suggest that
is a proper candidate to define as the symmetry breaking strength.
Uniform feedbackĉ 0 only (mv ¼ S ¼ 0)
This case corresponds to a setup with perfect cylindrical symmetry under quiescent conditions, i.e. no azimuthal flow. Without azimuthal non-uniformity of the thermoacoustic feedback response and no bulk velocity, the eigenvalues of the system are simply given by the constant feedback strengthĉ 0 on the diagonal of the system matrix. With repeated eigenvalues, the system is degenerate (i.e. solutions are defined by the eigenspace spanned byF andĜ). This means that any linear combination of the two waves is an eigensolution, covering standing, travelling and mixed modes. The growth rate and frequency difference as a function of arg ðĉ 0 Þ are the cosine and sine function, respectively.
Azimuthal flow mv , with S ¼ 0
This case corresponds to the theoretical setup with perfect cylindrical symmetry but now with an azimuthal flow through the annulus. Considering only azimuthal bulk flow, the same degenerate solution is found, now rotating with the mean flow. The rotation is visible in the imaginary split eigenvalues by AEimv forF andĜ, respectively, in equation (13).
Cylindrical symmetry breaking S, with mv ¼ 0
This case corresponds to a setup with quiescent flow conditions, but with a broken cylindrical symmetry that causes S to be non-zero. The symmetry breaking can be caused either by reflections (e.g. structural element) or a non-homogeniety in heat release response (e.g. clogged gas orifice in a burner). A pair of standing waves evolves as a result of the symmetry breaking, with eigenvalues that are split by S, as defined in equation (15) . When S has a real contribution, a saddle point is formed by two orthogonal standing waves, one with positive and one with negative feedback. It can be understood that the azimuthal order 2 m of CðÞ causes this splitting, as it excites the 2 m antinodes of these standing waves, respectively. In Figure 4 , the growth rate and frequency are shown as a function of argðSÞ, which is the phase between the acoustic pressure and heat release rate. This phase is directly related to the phase of a flame transfer function, which is often used to describe the heat release response to acoustic excitation.
Interaction between mv and S
This case corresponds to the general situation in practical systems, where azimuthal velocity and symmetry breaking are expected to coexist. As both mv and S appear in the root in the eigensolution equations (13) and (14), some interaction takes place, shaping the modal solutions. What the eigenmodes look like is not directly clear from the analytic expressions. The interaction in this intermediate regime can be understood qualitatively as follows; the azimuthal feedback non-uniformity tries to develop a standing wave solution, but the bulk velocity constantly rotates the acoustic field away from its standing wave angle. Two new equilibria will therefore evolve, given by the full eigensolution. The interaction is most pronounced when the two effects are of similar magnitude; jSj % jmv j. In the regime where jmv =Sj ( 1, solutions are predominantly standing waves, whereas jmv =Sj ) 1 is better characterized as travelling waves.
The velocity term can cancel out the eigenvalue splitting as a result of the symmetry breaking strength. An important observation is that only limited azimuthal velocity is required for noticeable changes in the stability analysis. Instability is most likely to occur in strongly underdamped (thermo)acoustic eigenmodes, say with a damping ratio of the order ¼ Oð10 À2 Þ. Azimuthal velocity can potentially change the stability with strength mv , therefore azimuthal Mach numbers of the same order M ¼ Oð10 À2 Þ are already relevant in the presence of cylindrical symmetry breaking.
Bifurcation point
The case whereĉ 2m ¼ĉ ? À2m is of most interest, because the feedback contributes optimally to the real part of the eigenvalues and thus to the system stability. Physically, this occurs when the non-uniform part of the feedback responseĈðÞ is real, i.e. the non-uniform heat release response acts in phase with acoustic pressure oscillations. The symmetry breaking S is real and the feedback phase is constant around the azimuth. The bifurcation diagram with mv as the bifurcation parameter forms a unit circle and unit parabola for the growth rate and frequency difference, respectively, when normalized by jSj (see Figure 5 ). Without azimuthal velocity, two standing wave solutions in orthogonal orientations are found, with pure positive and negative feedback. In a phase portrait, this solution is represented by a saddle point (shown in Figure 6(a) ). As a mean flow is introduced, the splitting of the growth rate decreases and simultaneously the eigenvectors lose their mutual orthogonality. A bifurcation point at jmv j ¼ S emerges as the discriminant in the root of the dynamical solutions crosses zero. At this point, the two eigenvectors coincide, as Figure 6 (e) suggests. In other words, the eigenvectors are linearly dependent and the system matrix is defective. For comparison, a case with complex S is shown in Figure 5 (thin gray lines) that does not cross the bifurcation point. In that case, the feedback partially acts on the frequency, preventing the discriminant in the eigensolution (equations (13) and (14)) to become zero.
The bifurcation point as shown in Figure 5 can be dangerous during the operation of an annular combustion system. As the bifurcation parameter varies a little, the stability can abruptly change near the bifurcation point.
Non-normal growth
In the case of non-normality, especially, coinciding eigenvectors, perturbations to the system can experience transient amplification. When the system has a nonlinear response to the amplitude, an instability can be triggered even though the system is fixed point stable at zero amplitude. Non-normal growth has been studied in thermoacoustic systems, based on modelling 15 as well as experiments. 16 In this section, nonnormal growth in annular combustion systems is demonstrated in the bifurcation point of the model system. Due to the annular geometry, the amplitude amplification can occur at a single mode order revealing an insightful physical mechanism behind the transient growth.
The dynamic solution of the defective system matrix takes the form
where v is the (repeated) eigenvector, while w is chosen as the standing wave orthogonal to v. Amplitudes A and B follow from initial conditions. The term Ateĉ 0 t causes the transient behaviour before the exponential decay sets in. Transient growth can occur only when the system would have been unstable in one orientation (saddle point), if there were no azimuthal bulk flow. From the solution in equation (16) , the maximum transient growth can be obtained analytically (see Appendix 2) . For <ðĉ 0 Þ 2 ( S 2 , the time after which the maximum amplification occurs is approximately t max ¼ À1=<ðĉ 0 Þ. At this point, a maximum possible amplification ratio is reached of about
The transient growth is demonstrated for S ¼ mv ¼ 10s À1 and a thermoacoustic decay of <ðĉ 0 Þ ¼ À2s À1 . The phase portrait of the dynamic system is shown in the top of Figure 7 . The two thick lines represent the solutions that experience the maximum possible transient growth, starting on the unit circle. In the plot below this transient growth of the amplitude is shown as a function of time. A maximum amplitude amplification of 3.7 is reached as estimated by equation (17) . This is equivalent to an amplification factor of over 13 for the acoustic energy. Alternatively, the maximum amplification and the corresponding initial conditions can be found computationally (see for example Nagaraja et al. 17 ). Using this approach, the same results have been found (not shown). For this specific low-order model, the amplification can be computed analytically at the bifurcation point. In this way, it has been found theoretically that infinite transient growth can be obtained for nonzero splitting strength and vanishing stability (refer to case jmv =Sj ¼ 1 in Figure 6 (e), where a perturbation away from the eigenvector pair linearly grows to infinity, even though the system is marginally stable).
With help of the phase portrait representations, the transient behaviour of this system can be easily understood physically. A perturbation in an unstable orientation of the symmetry breaking will initialize exponential growth. In the phase portrait of Figure 7 , these orientations are located in quadrant 1 (positive-positive) and quadrant 3 (negative-negative). The azimuthal flow then convects the growing amplitude around the circumference towards the stable orientation of the saddle node. The growth will eventually come to a halt and the perturbation will converge to the least stable eigenmode and decay accordingly.
Amplitude statistics under stochastic excitation
The maximum transient amplification shows what amplitude can be reached for an optimized initial condition. More interesting is what effect the non-normality of the system has on the characteristics under constant stochastic forcing. To investigate this, the system of equations (equation (12)) has been integrated numerically with white noise excitation, using the Euler-Mayurama scheme. The system is compared to the uncoupled, degenerate case (uniform heat release response) with the same set of eigenvalues <ð 1,2 Þ ¼ <ðĉ 0 Þ ¼ À2s À1 . Part of the two time series that were subjected to the same excitation noise are shown in Figure 8 . The average amplitude (RMS) of the non-normal system is found to be 5 times higher (25 times for the acoustic energy) than the degenerate system, which is higher than the maximum possible non-normal growth ratio. This result suggests it is more interesting to look at the integral of the amplitude over time for all initial conditions, rather than looking at the maximum possible amplification.
The probability density function of the Euclidean norm of four independent, normal distributed variables (two complex amplitudes) is given by the 4 distribution. The histogram of the bottom time series in Figure 8 shows that the 4 distribution accurately describes the probability of the amplitudes found for the uncoupled thermoacoustic system. For the Figure 7 . Transient growth of the acoustic amplitude in the bifurcation point of the system, with S ¼ mv ¼ 10s À1 and ¼ <ðĉ 0 Þ ¼ À2s À1 , starting from the initial conditions that lead to the maximum transient growth. Above, the evolution in the phase portrait (eigenvector aligned with the x-axis) shows the rotation of the acoustic field. Below, the growth is plotted as a function of time, compared to the case of normal decay (dashed line). The maximum growth amplification is accurately approximated by equation (17) .
non-normal system matrix, however, the amplitude distribution is much better described by the 2 distribution, i.e. a process with only two independent variables. This result can be explained by the strong coupling of the waves (caused by the anti-diagonal in the system matrix, equation (12)), predominantly yielding standing waves under a preferred angular orientation. The latter distribution has a higher kurtosis than the former, which means that the observed peaks in the time series are relatively high with respect to the mean amplitude.
When monitoring a stochastically forced oscillating signal, the exponential decay of the autocorrelation function can normally be used to estimate the damping of the system. 18 Underlying assumption is that the oscillation comes from a dynamic system that can be described by a single damped harmonic oscillator. In the annular geometry, the dynamics is described by two coupled harmonic oscillators, which is why the damping cannot be obtained from the autocorrelation decay. Especially in this example with a strong non-normal system matrix, the autocorrelation function does not show a clear behaviour of exponential decay and the decay is much slower than expected from the eigenvalue pair. Moreover, this example shows that monitoring strategies that are meant to warn for unstable combustion dynamics, respond differently to the non-normal nature of the system, depending on the monitored quantity. Stability criteria based on acoustic amplitude and the entropy of the signal (see for example Sarkar et al. 19 ) would indicate a significantly reduced stability margin for the non-normal system, compared to the normal system with identical damping rate.
Conclusions
An annular thermoacoustic system with both azimuthal bulk flow and non-uniform response can show highly interesting dynamics, even under linear assumptions. As the damping ratio is typically much smaller than one, it is found that small azimuthal Mach numbers can be relevant for the thermoacoustic stability through the interaction with azimuthal non-uniformities. Similar to the C 2n criterion in Noiray et al., 4 specific Fourier components of the non-uniform heat release in the annulus are found to contribute to eigenvalue splitting, resulting in two orthogonal standing wave solutions. A concurrent split in the acoustic propagation velocity between CW and ACW waves, however, impairs the formation of standing wave solutions.
Solving the acoustic field numerically, it is demonstrated that a velocity gradient in the azimuthal flow, induced by co-rotating swirlers, cause a frequency split through the refraction of acoustic waves. This implies that a slowly rotating acoustic field does not prove the presence of an azimuthal bulk flow in the annulus. The split in frequency between ACW and AC waves is, against this new knowledge, conveniently expressed in terms of an effective azimuthal flow. The azimuthal flow can stabilize standing wave solutions that would otherwise be unstable as a result of a broken geometrical symmetry or non-homogeneous flame response. In reverse, a loss of azimuthal flow can cause a sudden decrease of thermoacoustic stability. As the effective azimuthal flow follows from operating conditions in a non-trivial way, instability can occur unexpectedly. Therefore, the coupling between the acoustic field and the azimuthal flow . Above: bifurcation point; below: degenerate case (uncoupled). The RMS value of the non-normal system is 5 times higher compared to the degenerate case, both under unit forcing strength. Note the difference in amplitude histograms (based on 14 min) on the right, compared to 2 and 4 distributions (solid lines), respectively.
